CHAPTER 11
Quadratic Functions

11-1. Graphs of Quadratic Equations

The standard form of a quadratic function y = f(x) can be written in the form f(x) = ax? +bx+c,
in which a # 0. The graph of a quadratic function is called a parabola.
If a > 0, the graph opens upward and the vertex is the minimum point.

If a <0, the graph opens downward and the vertex is the maximum point.
The maximum or minimum point of a parabola is called the vertex.

. . b . b
The equation of the axis of symmetry is x = v The coordinates of the vertex are (—2—,f (= 23)) .
a a a

The vertex form of a quadratic function can be written in the form f(x) = a(x —4)* + k , in which (&, k)
is the coordinates of vertex of the parabola.

The solutions of a quadratic function are the values of x for which f(x)=0. Solutions of functions are
also called roots or zeros of the function. On a graph, the solution of the function is the x-intercept(s).

To find the y-intercept of a parabola, let x equal to zero in the equation of the parabola and solve for y .
If the parabola has two x- intercepts, then the x-intercepts are equidistant from the axis of symmetry.

The factored form of a quadratic function can be written in the form f(x) =a(x—b)(x—c).

The x- intercepts or the solutions of the functionare x =5 and x=c.
A parabola may have no x-intercept, one x- intercept, or two x- intercepts.
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The graph of the quadratic function
y = x> —2x—3 opens upward since
a =1> 0, so the vertex is a minimum
point. The equation of the axis of

. -2
symmetry is x ) orx=1.
The vertex form of the function is
y=(x- 1)> —4, from which the
coordinates of the vertex can be
identified as (1,—4). The factored
form of the function is y = (x +1)(x —3).
The x-intercepts are —1 and 3, which are
equidistant from the axis of symmetry.

The graph of the quadratic function
y =—x? —x +6 opens downward since
a =—1<0,so the vertex is a maximum
point. The equation of the axis of
-1 1
orx=——.
2(-1) 2
The vertex form of the function is

symmetry is x = —

y=—(x+ %)2 + ?, from which the
coordinates of the vertex can be

. . 1 25

identified as (_E’T)' The factored

form of the function is y = —(x + 3)(x —2).
The x-intercepts are —3 and 2, which are
equidistant from the axis of symmetry.
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Example 1 0 Given f(x)=x*+2x-2, find the following.
a. The y- intercept. b. The axis of symmetry.
c. The coordinate of the vertex. d. Identify the vertex as a maximum or minimum.
Solution o a. To find the y-intercept, let x=0.
2
f(0)=0"+2(0)-2=-2 4\ :_J f
The y-interceptis —2. !
LN
b. The coefficients are a =1, b=2, \ : |
and c=-2. .
The equation of the axis of symmetry \ | ol/ *
isx——i——iorx——l \
2a 21 - ._;Jf/ =X +2x-2
. f(=1)= (=) +2(-1)-2=-3. n
The coordinates of the vertex are (—1,-3).
d. Since the coefficient of the x* term
is positive, the parabola opens upward
and the vertex is a minimum point.
The graph of the parabola f(x)=x?+2x—2 is shown above.
Example 2 o Given f(x)=-(x+2)(x—4), find the following.
a. The x-intercepts. b. The axis of symmetry.
c. The coordinate of the vertex. d. Identify the vertex as a maximum or minimum.

Solution

O

a.

. Since the x-intercepts are equidistant ZRAN

() =—(1+2)(1-4)=9.

To find the x-intercept, let f(x)=0.
From f(x)=—(x+2)(x—-4)=0, we
get x-intercepts, x=—2 and x=4.

+
1(19)
) Y=+x[+2x+8

from the axis of symmetry, the axis of =t
symmetry is the average of the two N
Xx- intercepts.

_ /
= 2+4 or x=1 /

X

(4,0

The coordinates of the vertex are (1,9). (+2,0)y 'O

. Since the coefficient of the x* term

is negative, the parabola opens downward
and the vertex is a maximum point.

The graph of the parabola f(x) =—(x+2)(x—4) is shown above.
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Exercises - Graphs of Quadratic Equations

v

Questions 1 and 2 refer to the following
information.

2+
34

4+
—5 V

The graph of quadratic function y = x> —6x+5 is
shown above.

Which of the following is an equivalent form
of the equation of the graph shown above, from
which the coordinates of vertex V' can be
identified as constants in the equation?

A) y=(x-D(x-5)
B) y=(x+D(x+5)
C) y=x(x—-6)+5

D) y=(x-3)"-4

Which of the following is an equivalent form
of the equation of the graph shown above, that
displays the x-intercepts of the parabola as
constants?

A) y=(x-D(x-5)
B) y=(x+D(x+5)
C) y=x(x—-6)+5

D) y=(x-3)"-4

y= a(x—h)2

0 (4,0

In the xy- plane above, the parabola y = a(x —h)*
has one x-intercept at (4,0). If the y- intercept
of the parabola is 9, what is the value of a ?

[4]

In the xy- plane, if the parabola with equation

y =a(x+2)> —15 passes through (1,3), what
is the value of a ?

The graph of the equation y = a(x—1)(x+5) is
a parabola with vertex (4,k) . If the minimum
value of y is —12, what is the value of a ?
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11-2. Factoring Trinomials

Factoring Trinomials: x* +bx+c

To factor trinomials of the form x* +bx + ¢, you need to find two integers with sum b and product c.

When two binomials (x+m) and (x+#) are multiplied using FOIL method, (x +m)(x + 1) = x* + nx+mx+mn ,

or x> +(m+n)x+mn.So, you can write x> +bx+c as (x+m)(x+n), thenas m+n=>b and mn=c.

Example 1 o Factor each trinomial.

Solution

a. x2+9x+20 b. x> —11x+18

c. X2 +5x-14

O a. Make a list of factors of 20, and look for the pair of factors that has a sum of 9.

Both integers must be positive since the sum is positive and the product is positive.

Factors of 20 | Sum of Factors

1 and 20 1+20=21
2 and 10 2+10=12
4 and 5 4+5=9 The correct factors are 4 and 5.
X +9x+20=(x+ m)(x+n) Write trinomial as the product of two binomials.
=(x+4)(x+5) mn=20 and m+n=9

. Make a list of factors of 18, and look for the pair of factors that has a sum of —11.

Both integers must be negative since the sum is negative and the product is positive.

Factors of 18 | Sum of Factors
—land—18 | -1+ (-18)=-19
—2and -9 | 2+(-9)=-11 The correct factors are —2 and —9.
—3and -6 | 3+(-6)=-9

x*—1lx+18= (x+m)(x+n) Write trinomial as the product of two binomials.
=(x-2)(x-9) mn=18 and m+n=-11

c. Make a list of factors of —14, and look for the pair of factors that has a sum of 5.

One integer is negative and the other is positive since the product is negative.

Factors of —14 | Sum of Factors

—land 14 | -1+14=13

land —14 | 1+(-14)=-13

—2and 7 —2+7=5 The correct factors are —2 and 7.
2and =7 | 2+(-7)=-5

x*+5x—14=(x+ m)(x +n) Write trinomial as the product of two binomials.
=(x-2)(x+7) mn=-14 and m+n=5
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Factoring Trinomials: ax’ +bx+c

To factor trinomials of the form ax? +bx +c, in which a # +1, you need to find two integers m and n with
sum b and product ac . Then write bx as mx+ nx and use the method of factoring by grouping.

Example 2 o Factor each trinomial.
a. 2x* —7x+6

c. 6x° —5x—4

b. 5x* —14x-3

d. —16x> —40x+24

Solution o a. Find two numbers with a sum of —7 and a product of 2-6, or 12.

The two numbers are -3 and —4.
2x% —Tx+6=2x> -3x—4x+6
= (2x* —3x)—(4x—6)
=x(2x-3)-2(2x-3)
=(2x-3)(x-2)

Write —7x as —3x—4x .

Group terms with common factors.
Factor the GCF from each grouping.
Distributive Property

b. Find two numbers with a sum of —14 and a product of 5--3, or —15.

The two numbers are 1 and —15.

5x% —14x-3=5x" +x—15x -3
=(5x* +x)—(15x+3)
=x(5x+1)—-3(5x+1)
=(x+1)(x-3)

Write —14x as +x—15x.

Group terms with common factors.
Factor the GCF from each grouping.
Distributive Property

¢. Find two numbers with a sum of —5 and a product of 6-—4, or —24.

The two numbers are 3 and —8.
6x* —5x—4=6x" +3x—8x—4
= (6x* +3x)—(8x+4)
=3x(2x+1)—4(2x+1)
=2x+1)(3Bx—-4)

Write —5x as +3x—8x.

Group terms with common factors.
Factor the GCF from each grouping.
Distributive Property

d. The GCF of the terms —16x2, —40x , and 24 is —8. Factor it out first.

—16x? —40x +24 = —8(2x* +5x—3)

Factor out —8.

Now factor 2x* +5x—3. Find two numbers with a sum of 5 and a product
of 2--3, or —6. The two numbers are 6 and —1.

2x% +5x-3=2x" +6x—1x -3
=(2x% +6x)—=1-(x+3)
=2x(x+3)=1-(x+3)
=(x+3)2x-1

Write 5x as 6x—ux.

Group terms with common factors.
Factor the GCF from each grouping.
Distributive Property

Thus, the complete factorization of —16x* —40x+24 is —8(x+3)(2x—1).
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Exercises — Factoring Trinomials

[1]

x2—2x-24

Which of the following is equivalent to the
expression above?

A) (x+3)(x—8)
B) (x—3)(x+8)
C) (x—6)(x+4)
D) (x+6)(x—4)

X2 =17x+72

Which of the following is equivalent to the
expression above?

A) (x+8)(x-9)
B) (x-8)(x-9)

C) (x—12)(x—6)
D) (x—12)(x+6)

—x> +5x+84

Which of the following is equivalent to the
expression above?

A) (12-x)(x+7)
B) (12+x)(x-7)
0) 1+x)(x—4)

D) 21-x)(x+4)

[4]

3x2 +7x—6

Which of the following is equivalent to the
expression above?

A) (Bx-2)(x+3)
B) (3x+2)(x—3)
C) Bx-1)(x+6)
D) (Bx+1)(x—6)

2xr +x-15

Which of the following is equivalent to the
expression above?

A) (2x+3)(x-95)
B) (2x-3)(x+5)
C) (2x-5)(x+3)

D) (2x+5)(x-3)

6]

—6x* +x+2

Which of the following is equivalent to the
expression above?

A) —(6x+1)(x-2)
B) —(6x-1)(x+2)
C) —(Bx+2)(2x-1)

D) -(3x-2)(2x+1)
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11-3. Factoring Differences of Squares and Perfect Square Trinomials

The polynomial forms a” +2ab+b* and a® —2ab+b* are called perfect square trinomials, and they are
the result of squaring (a+b) and (a—b) . Also, the polynomial a* —b” is called a difference of squares,
and is the product of (¢+b) and (a—b).

Perfect Square Trinomials Difference of Squares
a® +2ab+b* = (a+b)* a’ —b* =(a+b)a-b)
a* —2ab+b* = (a-b)*

Example 1 o Factor each polynomial.

1 1
a. 27x* -3 b. 4x” +12x+9 c. xz——x+g
Solution o a. 27x*—3=3(9x* 1) Factor out the GCF.
=3((3x)* - (1)%) Write in the form a® -5 .
=30CBx+D(Bx-1) Factor the difference of squares.

b. Since 4x* = (2x)*, 9=3%, and 12x = 2(2x)(3), 4x> +12x+9 is
a perfect square trinomial.

4x* +12x+9 = (2x)* +2(2x)(3) +3* Write as o +2ab+b° .

=(2x+ 3)2 Factored as (a +b)”.
1 1 1 1 1 1
c. Since x* =(x)?, —=(—)?,and —x=2(x)(=), x> ——x+— is
(*) 16 (4) 2 ( )(4) 2 16
a perfect square trinomial.

X2 —%x+% = (x)2 —2(x)(i)+(%)2 Write as a® —2ab + b*.

1
=(x —Z)z Factored as (a —b)>.

Zero Product Property

If the product a-b =0, then either a =0, b=0, or both a and b equal zero. Factoring and zero product
property allow you to solve a quadratic equation by converting it into two linear equations.

Example 2 o Solve each equation.

a. (2x—5)(3x—10)=0 b. x> =3x+28=0

Solution o a. 2x-5)(3x-10)=0

2x-5=0 or 3x-10=0 Zero Product Property
xX= é or x = E Solve each equation.
2 3
b. x* —3x+28=0
x+4dH(x-7)=0 Factor.
x+4=0o0r x-7=0 Zero Product Property

x=—4orx=7 Solve each equation.
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[3]

Exercises — Factoring Differences of Squares and Perfect Square Trinomials

3x% 48
Which of the following is equivalent to the
expression above?
A) 3(x—-4)(x+4)
B) 3(x-4)°
C) Bx—4)(x+4)

D) (3x+4)(x-4)

x—6\/;—16

Which of the following is equivalent to the
expression above?

A) (x-4y

B) (Vx—-4)(x+4)
0) Wx+8)(x-2)
D) (Jx-8)(Wx+2)

If x* +y? =10 and xy = -3, what is the value
of (x—)*?

A) 12
B) 16
C) 20
D) 25

[4]

[5]

[6]

If x+y=10 and x—y =4, what is the value

of x*—y*2

A) 20
B) 24
C) 36
D) 40

6x>+7x—24=0

If r and s are two solutions of the equation
above and r > s, which of the following is the
value of r—s?

7
) <
B) —
) =2

D) —

x?-3x=28

If r and s are two solutions of the equation
above, which of the following is the value of
r+s?

A) -3
B) 3
Q) 6
D) 9
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11-4. Solving Quadratic Equations by Completing the Square
Definition of Square Root

For any number a >0, if x*=qa,then x isa square root of @ and x = +Ja .

A method called completing the square can be used to solve a quadratic equation. To complete the square
for a quadratic equation of the form ax® +bx+c¢ =0, you can follow the steps below.

1. Subtract ¢ from each side: ax? +bx = —c

2.1f a #1, divide both sides by a: x* +2x = -
a a
3.Add l of 9 square which is (i)2 , to both sides: x* +ﬁx+(i)2 = —5+(i)2
a 2a a 2a
4. You have completed the square: (x+ —) -S4 (—)

a
5. Square root each side: x+—=+,/——+(—) or x—— ‘}

Definition of Equal Polynomials

If ax® +bx+c = px> +qx+r for all values of x,then a=p, b=g,and c=r.

Example | o Solve 2x* —6x—7 =0 by completing the square.

Solution o 2x*—-6x=7 Add 7 to each side.
7
x*—3x= 5 Divide each side by 2.
9 7 9
X -3x+—=—4= 1 of -3 is _3 . Add (—i)2 _2 , to each side.
4 2 4 2 2 2 4
3 23
(x —5)2 = e Complete the square and simplify.
3 23
X——=1t— Take the square root of each side and simplify.
2 4
3 .+423
x=—t—— Add 3 to each side.
2 2 2

Example2 o If s>0 and 4x*> —rx+9 = (Zx—s)2 for all values of x, what is the value of »—s ?

Solution O 4x*—rx+9=4x> —4sx+s° FOIL right side of the equation.
4x%7 x4+ 9 = 4x* —4sx + 5° By the Definition of Equal Polynomials
|—|:—' 4=4, r=4s,and 9=s"
s=149 =13 Definition of square root

Since s >0 is given, s=3.
r=4s=43)=12
r—s=12-3=9
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Exercises - Solving Quadratic Equations by Completing the Square

[1]

If x> -10x=75 and x <0, what is the value
of x+57?

A) -15
B) -10
C) -5
D) 0

If x> —kx=20 and x—%z 6, which of the

following is a possible value of x ?

A) 2
B) 4
Q) 6
D) 8

X' ——x=5
3

Which of the following is an equivalent form of the
equation shown above, from which the equation

could be solved by completing the square?

A) Pk ks
3 6 6
2 2
B) xz——x+k—:k—+5
3 9 9
2 2
C) xz——x+k—:k—+5
3 36 36

2 2
D) x* ——x+k—=k—+5
3 6 6

[4]

X —rx=—

In the quadratic equation above, k£ and r are
are constants. What are the solutions for x ?

r \/k2+2r2
A x=—%———

4 4

r Nk +8r7
B) x=—¢———

2 4

r \/kz+r2
C) x=—¢t———

4 2

r \/k2+r2
D) X:EiT

If (x—7)(x—s)=x* —rx+14 for all values of x,
what is the value of r+s?

6]

If x* —%x+c = (x—k)?, what is the value of ¢?
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11-5. Quadratic Formula and the Discriminant

Solving Quadratic Equations by Using the Quadratic Formula

The solutions of the quadratic equation ax” +bx +c, in which a # 0 , are given by the formula

e ~b+\b* —4ac

2a

Example 1 o Use the quadratic formula to solve 2x* —4x-3=0.

Solution

The Discriminant

e —b+~/b* - dac

2a

_ (A 4@3)

2(2)

44416424 4+:/40 24410

o For this equation a =2, b=-4,and ¢ =-3.

Quadratic Formula

Substitute a =2, b=-4,and ¢c=-3.

4 4

Simplify.
2

2+\/ﬁ 2—«/5
x= 5 or x = 5

Separate the solutions.

In a Quadratic Formula, the expression under the radical sign b* —4ac is called the discriminant.
The value of the discriminant can be used to determine the number of real roots for the quadratic equation.

Graph of
Related
Function

y=-2x+3x+5

v
The graph crosses
the x - axis twice.

y:x2+4x+4

0]

The graph touches
the x - axis once.

Example 2x*+3x+5=0 x> +4x+4=0 x> +5x+8=0
2 _ 22 _ 2 _a2_ _ 2 _ _s2_ __
Discriminant b” —4ac = 3. ' 4(=2)(5) =49 b”—4ac=4"-41)(4)=0 b”—4ac=5 . 41)(®)=-7
Positive Zero Negative
Number of
Real Roots 2 ! 0
-3+£449 -3£7
x - intercepts =————= :—41\/6:_ Lo T5ENT
or Roots of 2(-2) —4 2(1) 2(1)
the function x=2.5 orx=-1 one root no real roots
two real roots
y y y

y=x>+5x+8

o

The graph does not
cross the x - axis.
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Example 2 o Find the number of solutions for each system of equations.

Solution

y=5x-7 y=—x+2
a. 5 b. 5
y=x"+6x+1 y=x"-3x-8

O a. Substitute 5x—7 for y in the quadratic equation.

5x—7=x"+6x+1 Substitution

x> +x+8=0 Standard form of a quadratic equation.
For the quadratic equation above a=1, b=1,and ¢=8.

Discriminant = b* —4ac = (1)* —4(1)(8) = -31<0

Since the discriminant is negative, the system of equations has no solution.

b. Substitute —x+2 for y in the quadratic equation.
—x+2=x>-3x-8 Substitution
x> —2x-10=0 Standard form of a quadratic equation.
For the quadratic equation above a=1, b=-2,and ¢=-10
Discriminant = b* —4ac = (-2)> —4(1)(-10) =44 > 0
Since the discriminant is positive, the system of equations has two solutions.

Sum of Roots and Product of Roots
If 7 and r, are roots of the quadratic equation ax” +bx+c =0, then

b c
7 +r, = sum of roots = —— and # -, = product of roots = —.
a

a

Example 3 0 Find the sum and product of all values x that satisfy 2x* —5x—1=0.

Solution

O Method 1

Use the quadratic formula to find the roots of the given equation.

_—bab —dac _—(=5)+(-5° -4@2)(-]) _5+25+8 533

2a 2(2) 4 4
The two roots are x = 5+;/§ and x = 5_2/5
Sumoftheroots=5+\/§+5_\/§=E=§
4 4 4 2

Product of the roots = (5 +\/§)(5_\/§) = O+ \/g)(s _\/ﬁ)
4 4 16
25-5B 4543 -33_ 8 1
16 16 2
Method 2
Use the sum and products formula.
b -5 5
n+r, =sumofroots = ——=—-—=—
a 2 2
-1

c
r -1, = product of roots = — = —
a 2
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Exercises - Quadratic Formula and the Discriminant

[4]

(p-Dx* —2x—(p+1)=0 {y=bx—3

y= ax* —7Tx
In the quadratic equation above, p is a constant.

What are the solutions for x ? In the system of equations above, a and b are
constants. For which of the following values of
— —— a and b does the system of equations have exactly
A) 1+y2-p and 1-y2-p two real solutions?
p-1 p-1
A) a=3,b=-2
B) 1+2p and -1 )
r-1 B) a=5b=0
0) p+1 and -1 ©) a=7b=2
P D) a=9, b=4
D) p+l . g 2P+l
p-1 p-1

What is the sum of all values of x that satisfy What are the solutions to x* +4 = —6x ?
3x? +12x-29=07?

A) 3413
A) -4
B) -2 B) -3+4/5
0 2 C) —6+5
D) 4 D) -6++13

6]

If the quadratic equation kx> +6x+4 =0 has Which of the following equations has no real

exactly one solution, what is the value of & ? solution?

A) 5x*-10x=6
A)
B) 4x’+8x+4=0
B) C) 3x*-5x=-3

D) LI S
Q) 3

D)

Ao AN PV oW
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11-6. Solving Systems Consisting Linear and Quadratic Equations

A system containing only quadratic equations or a combination of linear and quadratic equations
in the same two variables is called a quadratic system. The substitution and elimination methods
used to solve linear systems can also be used to solve quadratic systems algebraically. You can
use graphs to find the number of real solutions of a quadratic system. If the graphs of a system

of equations are a quadratic and a linear, the system will have 0, 1, or 2 solutions. If the graphs of
a system of equations are two quadratic equations, the system will have 0, 1, 2, 3, or 4 solutions.

OO T Y

no solution one solution one solution two solutions two solutions
no solution one solution two solutions three solutions four solutions

Example 1 o Solve the system of equations.
y= x’ -5
x+y=1

Solution O Rewrite x+y=1as y=1-x.

y= x* -5

l-x=x*-5 Substitute 1—x for y.

¥ +x-6=0 Simplify.

(x+3)(x-2)=0 Factor.

x+3=0 or x-2=0 Zero Product Property

x=-3 or x=2 Solve for x .

3+y=1 or 2+y=1 Substitute -3 and 2 for x in x+y=1.
y=4 or y=-1 Solve for y.

The solutions of the system of equations y

are (—3,4) and (2,-1). 3.4)

The equations are graphed in the \ /

diagram at the right. As you can \ /

see, the graphs have two points \ILs) *

~
5
=
~

e
S|

of intersection at (-3,4) and (2,-1).
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Exercises - Solving Systems Consisting Linear and Quadratic Equations

)

(~4,0) / 0 &&2,0)

The xy- plane above shows two x- intercepts,

a y-intercept and vertex V' of a parabola. If
the line passes through the points (2,0) and V',
which of the following must be the y- intercept
of the line?

@)
N

y=x*+x
y=ax—-1

In the system of equations above, a > 0. If the
system of equations has exactly one real solution,
what is the value of a ?

A)

el SRRV

B)

9

AN

D)

y= ()
b

(—a,b) (a,b)

y=g(x)

o U

The function f and g, defined by f(x)=2x*+2

and g(x) = —2x* +18, are graphed in the xy- plane
above. The two graphs intersect at the points (a,b)
and (—a,b). What is the value of 5 ?

A) 6
B) 8
C) 10
D) 12

x*+y* =14
X —y=2

If (x,y)is a solution to the system of equations

above, what is the value of x*?

A) 2
B) 3
C) 4
D) 5
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(0,6)

(—2,0)/ 0 \(6, 0

A=10) [0 (3,00  D(@8,0)

The graph of the quadratic function above shows

two x-intercepts and a y- intercept. Which of In the figure above, the vertex of the graph of

the quadratic function is at (3,0) . The points

B and C lie on the parabola. If ABCD isa
rectangle with perimeter 38, which of the
following represents the equation of the parabola?

the following equations represents the graph of
the quadratic function above?

A) y=—%(x—l)2+9
1 A p=20-3p
B) y:—z(x—2)2+8

5
I B) y=§(x—3)2
C) yz—z(x—2)2+9

3
L ) y=(x=3
D) y:—E(x—?,) +8

D) y=%<x—3)2

If (x+y)? =324 and (x—y)? =16, what is the [4]

value of xy ? )
If (ax+b)(2x—5)=12x" + kx—10 for all values

of x, what is the value of & ?

A) 33

B) 55 A) -26
C) 77 B) -10
D) 99 C) 24

D) 32
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v

Questions 5-8 refer to the following
information.

h:—%gt2 + Vot + hy

The equation above describes the motion of an object
thrown upward into the air. In the equation, g is the

acceleration due to gravity (9.8m/s?), ¢ is the time
elapsed since the object was thrown upward, v, is
the initial speed of the object, 7, is the initial height

from which the object was thrown, and /% is the height
of the object above the ground ¢ seconds after the
object was thrown.

Which of the following equations represents the
motion of the object, if the object was thrown
upward from 40 meters above the ground with
an initial speed of 35 meters per second (m/s) ?

A) h=-9.8t> +40¢+35
B) h=-9.8¢+35t+40
C) h=-4.9¢ +40r+35

D) h=-4.9¢*+35¢+40

6]

How many seconds will it take the object to reach
its maximum height? (hint: The function has a

. . b
maximum point at t =——)
2a

15
A) =
) 7

B) —
C) —

D) —

What is the maximum height from the ground the
object will reach, to the nearest meter?

A) 103
B) 112
C) 125
D) 133

How long will it take the object to hit the ground,
to the nearest second? (hint: Height of the object
is zero when the object hits the ground.)

A) 7
B) 8
0 9
D) 10

h=-16t> +h,

The equation above describes the height of an
object ¢ seconds after it dropped from a height
of A, feet above the ground. If a hiker dropped

a water bottle from a cliff 150 feet above the
ground, how many seconds will it take to hit the
ground? (Round your answer to the nearest
second.)

A) 2
B) 3
C) 4
D) 5
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Answer Key

Section 11-1

1.D 2.A 3. 2 4.2 5.
16

[SSRINN

Section 11-2

1.C 2.B 3.A 4. A 5.C
6.D

Section 11-3

1. A 2.D 3.B 4.D 5.C
6.B

Section 11-4

1.D 2.A 3.C 4.D 5.11
6. —
16

Section 11-5

1.C 2.A 3.D 4.D 5.B
6.C

Section 11-6

1.C 2.B 3.C 4.D

Chapter 11 Practice Test

1.B 2.C 3.A
6.C 7.A 8. B

5.D

o &
w >

Answers and Explanations
Section 11-1

1. D
Change the given equation into the vertex form
y=a(x—h)? +k,in which (%,k) is the vertex
of the parabola, by completing the square.

y:x2—6x+5
2 _62 _62
=x"=6x+(—)" —(—)" +5
¥ -ox+ () = ()
=(x*—6x+9)-9+5
=(x=3) -4

The coordinate of the vertex can be read as (3,—4).

2. A
Change the given equation into the factored form
y=(x—a)(x—>b),in which x=a and x=5 are
the x-intercepts of the parabola. Find two numbers

with a sum of —6 and a product of 5. The two
numbers are —1 and —5.

y=x?—6x+5 can be written in the factored form

y=(x—1)(x—=5). The x-intercepts are 1 and 5.

3. 2
16
y =a(x—h)?
0=a(4- h)2 x- intercept at (4,0)
Since a#0,4-h=0,0r h=4.
The graph of the parabola passes through (0,9),
since the y- intercept of the parabola is 9.

9=a(0- h)2 y-intercept at (0,9)
9 =ah’ Simplify.
9= a(4)2 Substitute 4 for 4 .
9
Z—a
16
4. 2

y=a(x+2)*-15
3=a(1+2)*-15  x=land y=3
3=94-15

18=9a

2=a

5. 2
3
The x- intercepts of the graph of the equation
y=a(x—1)(x+5) are =5 and 1. The x-coordinate
of the vertex is the average of the two x- intercepts.

S5l =-2.The value of k£ is —12

Therefore, h =

because the minimum value of y is —12. So the
coordinate of the vertex is (—2,—12). Substitute
x=-2 and y =-12 in the given equation.
—12=a(2-1)(-2+5)

—12=-9a

12 4
—=aora=—
9 3
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Section 11-2

1. C
x*—2x-24
Find two numbers with a sum of —2 and a product

of —24 . The two numbers are —6 and 4.
Therefore, x* —2x—24 = (x —6)(x +4).

2. B
x> —17x+72
Find two numbers with a sum of —17 and a product

of 72 . The two numbers are —8 and -9.
Therefore, x> —17x+72 = (x —8)(x—9).

3. A
—x? +5x+84 =—(x* —5x—84)
Find two numbers with a sum of —5 and a product
of —84.The two numbers are —12 and 7.
—x? +5x+84 =—(x* —5x—84)
=—(x-12)(x+7)=(12-x)(x+7)

4. A
3x% +7x—6
Find two numbers with a sum of 7 and a product
of 3-—6 or —18.The two numbers are —2 and 9.
3x% +7x—6

=3x> —2x+9x-6
=(3x* =2x)+(9x—6)
=x(3x-2)+3(3x-2)
=3x-2)(x+3)

Write 7x as —2x+9x .
Group terms.

Factor out the GCF.
Distributive Property

5. C
2xr +x-15

Find two numbers with a sum of 1 and a product
of 2-—15 or —30. The two numbers are —5 and
6.

2% +x-15

6. D

—6x% +x+2=—(6x> —x-2)

Find two numbers with a sum of —1 and a product
of 6-—2 or —12. The two numbers are —4 and 3.

=2x* —5x+6x-15

= (2x* —=5x)+(6x—15)
=x(2x-5)+3(2x-5)
=(2x-5)(x+3)

Write x as —5x+6x .
Group terms.

Factor out the GCF.
Distributive Property

—6x2 +x+2
= —(6x2 -x-2)
= —(6x* —4x+3x-2)
= —[(6x* —4x)+(3x—2)]
= 2x(3x-2)+(3x-2)]
=—Bx-2)2x+1

Section 11-3

1. A
3x? - 48
=3(x* -16)
=3((x)* - (4)%)
=3(x—4)(x+4)

2. D
x—63/x-16
Lety:\/;,then Y =x.
x—63/x-16
=y*—6y-16
=(y-8)(y+2)

= (x-8)(x+2)

3. B
(x-y)’
=(x-y(x-y)
=x’ —2xy+y2

= (x> +y*)—2xp

=10-2(-3)=16
4. D

x2 _y2

=(x+y)x-y)

=(10)(4)

= 40

Write —x as —4x+3x.

Group terms.
Factor out the GCF.
Distributive Property

Factor out the GCF.

Write in the form a” — b>.

Difference of Squares

y=\/; and y* =x

y:x/; and y? =x

x> +3*=10 and xy=-3

x+y=10 and x—y=4



192

Chapter 11

5.

C
6x>+7x—24=0

Gx+8)(2x—3)=0
3x+8=0 or 2x-3=0

Factor.

Zero Product Property

X=—— 0r x=— Solve each equation.
3 2
Since §>—§, r:E and s:—§.
2 3 2 3
3 8 9 16 25
r—-s=——(—-)=—4+—=—
2 376 6 6
B
x* —3x=28
x*=3x-28=0 Make one side 0.
(x-T)(x+4)=0 Factor.

x—=7=0o0r x+4=0
x=7or x=-4

Zero Product Property
Solve each equation.

Therefore, r+s=7+(-4)=3.

Section 11-4

1.

D
x*-10x=75

—-10,, .
Add (T) to each side.

X 10, 10,
X2 —10x+(——)> =75+ (-—
( 2) ( 2)

x* —10x+25=75+25 Simplify.

(x—5)* =100 Factor x> —10x+25.
x—-5=%10 Take the square root.
x=5£10 Add 5 to each side.

x=5+410 or x=5-10
x=15o0or x=-5

Separate the solutions.
Simplify.

If x<0, x=-5. Therefore, x+5=-5+5=0.
A
x? —kx =20
-k, .
Add (7) to each side.

—k —k
2+ (C)? =204 ()
x (2) (2)

k? K2

2 L
x —kx+—=20+— Simplify.
7 2 plify

2 2
(x—k)2=20+k— Factor xz—kx+k—.
2 4 4

k2

(6 =20+~ Substitute 6 for x—%.

kz
iy
Solving for £ gives k ==8.

16

. . . k
Solving the given equation x 5 =6 for x
. k
ives x=6+—.
g 2

If k=8, x=6+£=6+§=10.
2 2

If k=-8, x:6+£:6+_—8=2.
2 2

Of the answer choices, 2 is a possible value
of x . Therefore, Choice A is correct.

. C

x'-=x=5
3

The equation could be solved by completing the
2

. 1 k, k .
square by adding (—-—)“, or — , to each side.
q y g(2 3) 36

Choice C is correct.

. D

2 K
X" —rx=—
4

2
Add (—r)z, or = , to each side.
2 4

2 k r
X -+ —=—+—
4 4
K2 42 2
()C—l)2 =2 Factor x* —rx+—.
2 4 4
2,2
+
x—izi Ktr Take the square root.
2 4
PRI
x- L= NP TP Simplify.
2 2
k* +r? .
x=Llg X TP Add L to each side.
2 2 2

Choice D is correct.

11

(x—7)(x—s)=x2 —-rx+14
X' —(s+Nx+7s=x—rx+14

Since the x-terms and constant terms have
to be equal on both sides of the equation,
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r=s+7 and 7s=14.
Solving for s gives s=2.
r=s+7=2+7=9
Therefore, r+s=9+2=11.

6. —
16

x? —%x-i-c:()c—k)2 =

x? —%x+c=x2—2kx+k2

Since the x-terms and constant terms have
to be equal on both sides of the equation,

2k=E and c=k*.
2
. . 3
Solving for £ gives k = 7

Therefore, ¢ = k% = (=

Section 11-5

1. C

(p-Dx* =2x—(p+1)=0
Use the quadratic formula to find the solutions
for x.

_ —b+~/b? - dac

* 2a

(-2’ - 4(p-D(~(p+])
2(p-1

3 2+ J4+4(p-D(p+1)

- 2(p-1)

2 \Javap’-4

o 20p-)

_2+\4p>  2+2p
2Ap-1)  2p-D

_2(1xp) 1%p
2(p-1) p-1
The solutions are I+p and I=p ,or —1.
p—1 p-1

Choice C is correct.

2. A

Let 7 and r, be the solutions of the quadratic

equation 3x? +12x-29=0.
Use the sum of roots formula.
b 12

. D

n+rn=——=——=-4.
1 2 a 3
P +6x+4=0

If the quadratic equation has exactly one solution,
then b* —4ac=0.
b* —dac=6"-4(k)(4) =0 = 36-16k=0

= 36 9

16 4

. D

y=bx—3 and y =ax’ —Tx

Substitute bx—3 for y in the quadratic equation.
bx—3=ax’—Tx

ax® +(-7-b)x+3=0  Make one side 0.

The system of equations will have exactly two
real solutions if the discriminant of the quadratic
equation is positive.

(<7-b)* —4a(3)>0,or (7+b)* —12a>0.

We need to check each answer choice to find

out for which values of @ and b the system of
equations has exactly two real solutions.

A) If a=3andb=-2, (7-2)*-12(3)<0.
B) If a=5andb=0, (7+0)* —12(5)<0.
C) Ifa=7andb=2, (7+2)*-12(7)<0.
D) If a=9andb=4, (7+4)* -12(9)>0.

Choice Dis correct.

. B

x* +4=—6x
x* +6x-4=0
x_—bi\/b2—4ac
2a
61467 —4(1)(4)
2(1)
64420 —6+245
2 2
=345
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6.

C

If the quadratic equation has no real solution, the
discriminant, b* —4ac, must be negative.
Check each answer choice.
A) 5x* -10x=6 = 5x*-10x—6=0

b* —4ac = (-10)> =4(5)(—6) > 0
B) 4x? +8x+4=0

b* —4ac=(8)" —4(4)(4) =0

C) 3x* —5x=-3 = 3x*-5x+3=0
b* —4ac = (-5)* —4(3)(3) < 0

Choice C is correct.

Section 11-6

1.

C

Since the two x- intercepts are —4 and 2, the
equation of the parabola can be written as
y=a(x+4)(x—2). Substitute x=0 and

16 . . .
y= ?6 in the equation, since the graph of the

parabola passes through (O,?).

% =a(0+4)(0-2)

Solving the equation for a gives a = —% .
Thus the equation of the parabola is

y= —%(x+4)(x—2) .

The x-coordinate of the vertex is the average of

the two x- intercepts: ,or —1.

The y- coordinate of the vertex can be found
by substituting —1 for x in the equation of the

parabola: y = —%(—1 +4)(-1-2)=6.
The line passes through (2,0) and (-1,6).

The slope of the line is 6 > = -2 . The equation

of the line in point-slope formis y—0=-2(x-2).

To find the y- intercept of the line, substitute 0
for x. y=-2(0-2)=4

Choice C is correct.

. B

y=x’+xandy=ax—1
Substitute ax—1 for y in the quadratic equation.
ax—1=x"+x

X+ (—a+D)x+1=0 Make one side 0.

If the system of equations has exactly one real

solution, the discriminant b* —4ac must be
equal to 0.

(—a+1)> —4(1)1) =0 b* —4ac=0
a*—2a+1-4=0 Simplify.
a*-2a-3=0 Simplify.
(a=3)(a+D)=0 Factor.
a=3ora=-1 Solutions

Since a>0, a=3.

. C

One can find the intersection points of the two
graphs by setting the two functions f(x) and

g(x) equal to one another and then solving for x.
This yields 2x* +2=-2x* +18. Adding 2x* -2

to each side of the equation gives 4x* =16.
Solving for x gives x == 2.

f(2)=2(2)>+2=10 and also f(-2)=10.
The two point of intersections are (2,10) and
(-2,10). Therefore, the value of » is 10.

. D

X+ y2 =14 First equation

x* - y=2 Second equation

X = y+2 Second equation solved for x°.

y+2+y° =14 Substitute y+2 for x* in
first equation.

y2 +y-12=0 Make one side 0.

(y+4(»y-3)=0 Factor.

y=—4ory=3 Solve for y.

Substitute —4 and 3 for y and solve for x*.

X' =y+2=—442=-2.

Since x2

cannot be negative, y =—4 is not
a solution.
¥ =y+2=3+2=5

The value of x*is 5.
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1.

B

The x- coordinate of the vertex is the average of
the x-intercepts. Thus the x-coordinate of the
-2+6

vertex is x = =2 . The vertex form of

the parabola can be written as y = a(x — 2% +k.

Choices A and D are incorrect because the
x- coordinate of the vertex is not 2.

Also, the parabola passes through (0,6) .
Check choices B and C.

B) y:—%(x—2)2 +8

6:—%(0—2)2+8 Correct.
1 2
O) y:—E(x—2) +9

6= —%(0— 2)>+9 Not correct.

Choice B is correct.

C

(x+1)* =324 = x*+2xy+y* =324

x4+ y? =324-2xp

(x—y)? =16 = x*-2xy+y* =16

= x’ +y2 =16+2xy

Substituting 16+ 2xy for x*+ y* in the equation
x* +y? =324-2xy yields

16+2xy =324 -2xy.

Solving this equation for xy yields xy =77.

A

From the graph we read the length of 4D, which
is 9. Let the length of CD =w .
Perimeter of rectangle ABCD is 38.
2:9+2w=38 = 2w=20 = w=10
Therefore, the coordinates of B are (—1,10)
and the coordinates of C are (8§,10).
The equation of the parabola can be written in
vertex form as y = a(x—3)>.
Now substitute 8 for x and 10 for y in the
equation. 10 =a(8- 3)2 . Solving for a gives

10

a=—-= g . Choice A is correct.
25 5

4. A

(ax+b)(2x—5)=12x" + kx—10
FOIL the left side of the equation.
2ax* +(=5a +2b)x —5b = 12x* + kx —10

By the definition of equal polynomials, 2a =12,
—Sa+2b=k,and 55 =10. Thus, a =6 and
b=2,and k=-5a+2b=-56)+2(2)=-26.

. D

1
h=—5gt2 + Vot + by

In the equation, g =9.8, initial height A, =40,
and initial speed v, =35 . Therefore, the equation

of the motion is /4 = —%(9.8)r2 +35t+40.

Choice D is correct.

. C

In the quadratic equation, y = ax*> +bx+c, the
x-coordinate of the maximum or minimum point

isat x=——.
2a
Therefore, the object reaches its maximum height
35 25
when t=——=—.
2(-49) 7

A

The object reaches to its maximum height when

25 . 25 . .
t= e So substitute 7 = - in the equation.

h= —4.9(%)2 +35(§)+40 =102.5

To the nearest meter, the object reaches a
maximum height of 103 meters.

. B

Height of the object is zero when the object hits
the ground.

0=—4.9/2 +35t+40
Use quadratic formula to solve for ¢ .
o354 \35% —4(-4.9)(40)

- 2(-4.9)

_ —35++42009 —35+44.82
-9.8 -9.8
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Solving for ¢ gives t ~—1 or t ~8.1.
Since time cannot be negative, the object hits the
ground about 8 seconds after it was thrown.

B

When an object hits the ground, 2 =0.
hy =150 is given.

0=-16¢>+150 Substitution
16t> =150 Add 167% to each side.
= @ Divide each side by 16.

16

t= 150 ~3.06
16




